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Questions

1.

10.

(a) Express v/6cosf + 3sin@ in the form Rcos(f — ), where R > 0 and 0° < a < 90°. State
the exact value of R and give « correct to 2 decimal places. (9709/31/0/N/20 number 6)

(b) Hence solve the equation /6 cos $z + 3sin fa = 2.5, for 0° < z < 360°.
(a) Show that the equation tan (6 4 60°) = 2 cot 6 can be written in the form
tan? @ + 3v/3tanf — 2 = 0
(9709/32/0/N/20 number 4)
(b) Hence solve the equation tan (6 + 60°) = 2 cot 6, for 0° < 6 < 180°.

(a) Given that cos(z —30°) = 2sin (z + 30°), show that tanz = 12__2\\//%. (9709/31/M/J/21
number 3)

(b) Hence solve the equation
cos (x — 30°) = 2sin (z + 30°)
for 0° < z < 360°.
(a) By first expanding tan(20 + 26), show that the equation tan46 = 1 tan may be expressed
as tan' 0 + 2tan?60 — 7 = 0. (9709/33/M/J/21 number 5)
(b) Hence solve the equation tan46 = 1 tan6,for 0° < § < 180°
(a) Express 5sinz — 3cosz in the form Rsinz — a, where R > 0 and 0 < a < 3. Give the

exact value of R and give a correct to 2 decimal places. (9709/31/0/N/21 number 2)

(b) Hence state the greatest and least possible values of (5sinz — 3 cosz)?.

(a) Show that the equation
cot 20 + cot 6 = 2

can be expressed as a quadratic in tan 6. (9709/31/0/N/21 number 5)

(b) Hence solve the equation cot 26 + cot 6 = 2, for 0 < 6 < 7, giving your answers correct to 3
decimal places.

(a) Prove the identity cos46 + 4 cos 20 + 3 = 8cos? 0. (9709/31/0/N/22 number 6)

(b) Hence solve the equation cos 46 + 4 cos 20 = 4, for 0° < 6 < 180°.

(a) Express 5sinf + 12cos@ in the form Rcos(§ — «), where R > 0 and 0 < o < i
(9709/32/F /M /23 number 6)

(b) Hence solve the equation 5sin2z + 12cos2z = 6, for 0 < = < 7.
(a) Show that the equation sin 26 4 cos 20 = 2sin® # can be expressed in the form
cos? 0 + 2sinf cosf — 3sin? 0 = 0
(9709/31/M/J/23 number 4)
(b) Hence solve the equation sin 26 + cos 26 = 2sin 6, for 0° < 6 < 180°

(a) Express 3cosz + 2cos (x — 60°) in the form Rcos(x — a), where R > 0 and 0° < o < 90°.
State the exact value of R and give « correct to 2 decimal places. (9709/33/M/J/23 number
6)

(b) Hence solve the equation
3cos 26 + 2cos (20 — 60°) = 2.5

for 0° < 0 < 180°.




Answers

1. (a) Express v/6cosf + 3sind in the form Rcos(f — o), where R > 0 and 0° < o < 90°. State
the exact value of R and give « correct to 2 decimal places. (9709/31/0/N/20 number 6)

V6 cosf + 3sind

Let’s start by finding R,

Now let’s find «,

3
o = arctan | —
<\/6>
o = 50.77°

Therefore, the final answer is,

V6cosd + 3sinf = V15 cos (6 — 50.77°)

(b) Hence solve the equation /6 cos 37+ 3sintz = 2.5, for 0° < < 360°.

1 1
\/ECOS gzr + 3sin 5:1: =25

Notice how ¢ has been replaced with %m,
1 1
V6 cos §L + 3sin 5:}5
V6 cos + 3sind

This means that,
V15 cos (6 — 50.77°)

1
V15 cos <3.7; - 50.77")

Let’s solve our equation,

1
V15 cos <3x - 50.77°> =25

1
cos <3:c - 50.77") =

gl’ — 50.77° = arccos —

Cﬁﬁ | =
ot t

PV =49.79703411
£P.V + 360n




Atn=0
+P.V 4 360(0) = (—49.7970,49.7970)
é:c — 50.77 = —49.7970
x=2.9°
%x — 50.77 = 49.7970
x = 30L.7°

Therefore, the final answer is,
r =2.9°301.7°

(a) Show that the equation tan (6 + 60°) = 2 cot @ can be written in the form
tan?6 4+ 3v/3tanf — 2 = 0

(9709/32/0/N /20 number 4)
tan (0 + 60°) = 2 cot

Rewrite cot 0 in terms of tan?,

2

tan (6 4 60°) = "

Use compound angle formula for tan to expand,

tan @ + tan 60 2
1 —tanftan60  tan6

Evaluate tan 60,
tanf + /3 2

1 —+/3tan6 - tan 6

Get rid of the denominators,

tan 6 (tan9+ \/§> =2 <1 — \/gtan9>

Expand the brackets,
tan?6 + V3tanf = 2 — 2v/3tan

Put all the terms on one side and simplify,
tan? 0 + V3 tan 6 + 2v/3tand — 2 = 0
tan? 0 + 3v/3tanf — 2 = 0

Therefore, the final answer is,
tan? 6 + 3v/3tand — 2 =0
(b) Hence solve the equation tan (6 4+ 60°) = 2 cot 6, for 0° < 6 < 180°.

tan®6 + 3v3tand — 2 = 0

3




Let’s solve the quadratic using the quadratic formula,

—3v321/(3v3) —4x 1x 2
2(1)

tanf =

3VE-VE | 3/3+

tanf =
an 5 5

Solve the two trig equations,

773\/5 — ﬁ) 0 = arctan (3\/3 * \/%)

6 = arctan
2 2

PV =-79.7970 PV =19.7970
—79.7970 + 180 = 100.2030

Identify the solutions that are within the given interval,

6 = 19.8°,100.2°

Therefore, the final answer is,

0 =19.8°,100.2°

Given that cos (z — 30°) = 2sin (x + 30°), show that tanz = 12:2‘/%. (9709/31/M/J/21
number 3)

cos (x — 30°) = 2sin (x + 30°)

Use compound angle formulae to expand,

cos x cos 30 + sin  sin 30 = 2 (sin x cos 30 + cos x sin 30)
Evaluate cos 30 and sin 30,

V3 1, V3 1
TCObZE‘I—iblnx—Q 751nx+§cosx

Expand the bracket,
1
7005.77 + isinx = \/gsinx + cosx

Group like terms and simplify,

1 3
V3sinz — EsinaH—cosx — 7COS.T =0

1423 . 2-1/3
—F S1n 2

st =0
5 T+ CosS T




Divide through by cos z,
—1+2V3 2-3

5 nx + 5 =0
Make tan z the subject of the formula,
~1+2V3 2 -3
—tanxr = —
2 2
. 2-43 y 2
anr = —
2 —14+2V3
g = —2—V3)
—14+2V3
Factor out a negative sign in the denominator and simplify,
—(2 —
oy~ —2—V3)
—(1-2V3)
t 2- V3
anxr =
_ 2\/3
Therefore, the final answer is,
£ 2- V3
anxr =
_ 2\/§

(b) Hence solve the equation
cos (x — 30°) = 2sin (z + 30°)

for 0° < x < 360°.

ta 2= \/§
nr —
_ 2\/3
Our given equation can be written in terms of tanz. Let’s solve the tanz equation,
arcta 2= \/§
T = ar n————
1-2V3
PV = —6.2060

PV +180(1) = 173.7940
P.V +180(2) = 353.7940

Identify only the solutions that are within the given interval,

x =173.8°,353.8°




Therefore, the final answer is,

x = 173.8°,353.8°

4. (a) By first expanding tan(26 + 20), show that the equation tan4f = 1 tan 6 may be expressed
as tan' 0 + 2tan?60 — 7 = 0. (9709/33/M/J/21 number 5)

1
tan46 = 3 tan 6

Let’s start by expanding tan(20 + 20) using the compound angle formula,

tan 26 + tan 26
1 — tan 20 tan 20

2 tan 20
1 — tan? 24

Use the double angle formula to expand tan 26,
5 2tan6 |y 2tanf \’
1 —tan%6) ° 1 —tan%6

4tan 6 4tan? 0
——r |l
1 —tan®6 (1 — tan?0)

4tanf [(1 — tan26)” — 4 tan? 9]

1—tan®0 =~ (1 — tan?6)’
4tanf  1—2tan?6+ tan*f — 4tan?0
1 —tan%6 ° (1 — tan2?6)’
4tanf 1 —6tan?6 + tan6
1—tan? (1 — tan20)>
4tand (1 — tan26)’

X
1 —tan?f 1 —6tan?f +tan*6d
4tanf (1 — tan? )
1 —6tan?f + tan* 6

This is the complete expansion of tan(26 + 26),

4tan @ (1 — tan?0)
1 —6tan®6 + tan* 6

tan(26 + 20) =

4tan @ (1 — tan?0)

tan 460 =
a 1 —6tan?f + tan* 0

Let’s equate this to %tanﬁ and express it in the required form,

4tanf (1 — tan?6) lt g
= —tan
1 —6tan?6 + tan* 2




Cross multiply,

Stand (1 — tan? 9) = tanf (1 — 6tan? 6 + tan* 9)

Put all the terms on one side,

tan 6 (1 — 6tan’ 6 + tan* 0) — 8tanf (1 — tan? 9) =0

Factor out tand,
tand [(1 — 6tan®@ + tan® 0) -8 (1 — tan? 9)] =0
tan 6 [1 — 6tan®f + tan* @ — 8 + S tan? 9] =0
tan 6 [tan49 +2tan®6 — 7] =0
tanf =0 tan*@+2tan’0—7=0
Therefore, the final answer is,
tan* @ + 2tan®0 — 7 =10
(b) Hence solve the equation tan46 = 1 tan @ for 0° < 6 < 180°

tan? @ + 2tan®6 — 7 =0

Let’s solve the hidden quadratic using the quadratic formula,

2422 —4x1x—
tan? 6 = v XA x =T
2(1)

tan?0 = —1 4+ 2v/2
tan’f = —1 —2v2  tan’6 = —1+ 22

Solve the trig equations,

tanf = +1/—1—2v2  tanf = £/ —1+2V2
tan @ = no solutions  tanf = +£4/ —1+ 2v2

tan@z—\/—l+2\/§ tanQ:\/—1+2\/§

0 = arctan—\/ —14+2v2 6 =arctan\/—1+ 2V2
PV = -53.5156 P.V =53.5156
—53.5156 + 180 = 126.4844

Identify the solutions that are within the given interval,

0 = 53.5°,126.5°
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Therefore, the final answer is,

0 = 53.5°,126.5°

Express 5sinz — 3cosx in the form Rsin(z — «), where R > 0 and 0 < o < 7. Give the
exact value of R and give a correct to 2 decimal places. (9709/31/0/N/21 number 2)

5sinx — 3cosx

Let’s start by finding R,

R= V513

R=1/34
Now let’s find o, 3
a=tan"'Z
5

a=0.54

Therefore, the final answer is,
V34 sin(x — 0.54)
Hence state the greatest and least possible values of (5sinz — 3 cosz)?.

5sinz — 3cosx = V/34sin(x — 0.54)

Notice that have squared the original equation,

(5sinz — 3cosx)? = 34sin’(z — 0.54)

Since the graph is now squared it means that it doesn’t go below the z-axis, so
our least value is 0. The greatest value is 34, since our graph starts at 0 and it is
stretched in the y-axis by 34 units.

Therefore, the final answer is,

The greatest value is 34 and the least value is 0.

Show that the equation
cot 20 + cot ) = 2

can be expressed as a quadratic in tan#. (9709/31/0/N/21 number 5)

cot 20 + cot = 2

Rewrite cot f in terms of tand,

1 N 1 _y
2tanf  tanf




Use double angle formula for tan6,

1 L 1 9
2 tan 0 =
1—tan2 9 tan 0

1 —tan?0 1
+ =
2tan 6 tan @

Get rid of the denominators,
1—tan?6 42 =4tané

3 —tan’f = 4tanf

Put all the terms on one side,
tan®f + 4tanf —3 =0
Therefore, the final answer is,
tan?6 +4tanf —3 =0
(b) Hence solve the equation cot 26 + cot 6 = 2, for 0 < 6 < 7, giving your answers correct to 3

decimal places.
tan’6 +4tanf —3 =0

Let’s solve our hidden quadratic using the quadratic formula,

—44++/42 4 x1x -3
2(1)

tanf =

tan® = —2 +7
tan@ = —2 — V7  tanf = —2+ V7

Solve the trig equations,

6 =tan! (—2 — \ﬁ) 6 =tan! (—2 + \f?)

PV =-1358781 PV =0.573383
—1.358781 + m = 1.782812

Identify the solutions that are within the given interval,

0 =0.573,1.783

Therefore, the final answer is,
# =0.573,1.783

(a) Prove the identity cos46 + 4 cos 20 + 3 = 8cos*§. (9709/31/O/N/22 number 6)

cos 46 + 4cos20 + 3 = 8cos’




Let’s work from the left-hand side to the right-hand side,

cos40 +4cos20 + 3

Use the double angle formula for cosf for both cos46 and cos 26,

2005229—1+4(200529—1) +3

Use the double angle formula again,

2(200529—1)2—1+800529—4+3

Expand the quadratic,
2 (400549 —4cos?’ 0 + 1) +8cos? — 2
8cost — 8cos?H + 2+ 8cos?H — 2
Simplify like terms,
8cost 0
Therefore, the final answer is,
cos40 + 4 cos20 + 3 = 8cos*

(b) Hence solve the equation cos 46 + 4 cos 260 = 4, for 0° < 6 < 180°.
cos40 +4cos20 =4

Using our results from part (a), we can rewrite this as,

8cos’f —3 =14
Solve the trig equation,

4 7
cos 0 =—
8

7

s ==+4/<

cos S

COSQ——</7 (3059-&1/7

8 8

0 =cos'|—4 7 6 = cos™? \4/7
8 8

f=1653 60=14.7
Therefore, the final answer is,
0 = 14.7°,165.3°
(a) Express 5sinf + 12cosf in the form Rcos(§ — a), where R > 0 and 0 < o < i
(9709/32/F/M/23 number 6)
5sin 6 + 12 cos 6

10




Let’s start by finding R,

R =+/524+122
R=13
Now let’s find o,
(%)
o = tan —
12
a = 0.395

Therefore, the final answer is,
13 cos(f — 0.395)
(b) Hence solve the equation 5sin 2z + 12 cos2z = 6, for 0 < z < 7.

5sin2x + 12cos2x = 6

Notice how the 6 has been replaced by 2z,
5sin 2x 4 12 cos 2x

5sinf + 12 cosf

This means we can rewrite our problem as,

13 cos(2x — 0.395) = 6

Solve the trig equation,

6
cos(2x — 0.395) = &
2z — 0.395 = cos™! <6>

13
P.V =1.091068

—1.091068 + 27 = 5.1921
2x —0.395 = 1.091068
x = 0.743
2x —0.395 = 5.1921
x =279

Therefore, the final answer is,
x=0.743,2.79

(a) Show that the equation sin 26 + cos 26 = 2sin® § can be expressed in the form
cos? 0 + 2sinf cosf — 3sin*f = 0
(9709/31/M/J/23 number 4)

sin 20 + cos 20 = 2sin? 6

11




10.

Use double angle formulae to simplify,

2sin @ cosf + cos® f — sin® @ = 2sin’ 0

Put all the terms on one side and simplify,
cos? 0 + 2sinf cos § — sin? @ — 2sin? 6 = 0

cos? @ + 2sinfcosf — 3sin6 =0

Therefore, the final answer is,
cos?f + 2sinfcosh — 3sin’H =0
Hence solve the equation sin 26 + cos 20 = 2sin? 6, for 0° < § < 180°

cos?f + 2sinf cosh — 3sin’H =0

We can factorise this equation,

(cosf —sinf)(cosf + 3sinf) =0

Equate each bracket to 0,

cosf —sinf =0 cos@ +3sinf =0

Divide through by cos 6,

l1—tanf =0 1+3tanf =0

Solve the trig equations,
1
tanf =1 tanf = —3

1
f=tan"'1 6 =tan"* —3

=45 PV =-18.4349
—18.4349 + 180 = 161.5651

Identify the solutions that are within the given interval,
0 = 45°,161.6°
Therefore, the final answer is,
0 = 45°,161.6°

Express 3 cosx + 2 cos (x — 60°) in the form R cos(z — «), where R > 0 and 0° < v < 90°.
State the exact value of R and give « correct to 2 decimal places. (9709/33/M/J/23 number
6)

3cosx + 2cos (z — 60°)
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Use the compound angle formula to expand,

3 cosx + 2 (cos x cos 60 + sin x sin 60)

Evaluate cos 60 and sin 60,
1 3
3cosx + 2 (2 cosx + {sinx)

3cosx + cosx + V3sinx
4cosz + V3sinz

Now let’s find R,

Now let’s find «,

Therefore, the final answer is,
V19 cos(z — 23.41)
(b) Hence solve the equation
3cos260 + 2cos (20 — 60°) = 2.5

for 0° < 6 < 180°.
3cos 26 + 2cos (20 — 60°) = 2.5

Notice how the = has been replaced with 20,
3 cos 20 4 2 cos (260 — 60°)
3cosz + 2cos (z — 60°)

This means we can rewrite our equation as,

V19cos(20 — 23.41) = 2.5

Solve the trig equation,
2.5

V19

2.5
20 — 23.41 = cos™t ==
V19

P.V = 55.0026

—55.0026 + 360 = 304.9974
20 — 23.41 = 55.0026

cos(20 — 23.41) =

6 =39.2°
20 —23.41 = 304.9974
0 =164.2°
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Therefore, the final answer is,

0 = 39.2°,164.2°
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