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Questions

1. The curve with equation y = e
(9709/31/M/J/20 number 4)

%*(sinx + 3cosx) has a stationary point in the interval 0 < z < 7.

(a) Find the z-coordinate of this point, giving your answer correct to 2 decimal places.

(b) Determine whether the stationary point is a maximum or a minimum.

2.
)
M
x
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The diagram shows the curve y = 7%, for > 0, and its maximum point M. (9709/32/M/J/20

number 6a)

Find the z-coordinate of M, giving your answer correct to 3 decimal places.
3.

r)

The diagram shows the curve with parametric equations
r=tanf y=cos’d

for —im < 6 < 3m. (9709/32/0/N/20 number 5)




(a) Show that the gradient of the curve at the point with parameter 6 is —2sin 6 cos® 6.
The gradient of the curve has its maximum value at the point P.

(b) Find the exact value of the z-coordinate of P.

M

The diagram shows the curve y = £ and its maximum point M. (9709/33/M/J/21 number 8a)

Find the exact coordinates of M.
. The curve with equation y = xe!™® has one stationary point. (9709/31/0/N/21 number 3)

(a) Find the coordinates of this point.

(b) Determine whether the stationary point is a maximum or a minimum.

. The equation of the curve is In(z + y) = x — 2y. (9709/33/0/N/21 number 7)

dy _  z+y—1
(a) Show that % = EaIE

(b) Find the coordinates of the point on the curve where the tangent is parallel to the z-axis.
. Let f(z) = W (9709/33/0/N/21 number 9a)
Find the z-coordinate of the stationary point of the curve with equation y = f(z).

. The curve y = e~** tan x has two stationary points in the interval 0 < < 17. (9709/33/M/J/22
number 4)

(a) Obtain an expression for % and show it can be written in the form sec? x(a + bsin 2z)e~%*,
where a and b are constants.

(b) Hence find the exact coordinates of the two stationary points.
. The parametric equations of a curve are

r=te®, y=t"+t+3
(9709/32/F /M /23 number 5)

(a) Show that 4 = ¢~
X
1

(b) Hence show that the normal to the curve, where t = —1, passes through the point (O, 3— ?4)'




10.

11.

M

The diagram shows the curve y = 2 Inz, for z > 0, and its minimum point M. (9709/32/F/M/23
number 8a)

Find the exact coordinates of M.

The equation of a curve is 2%y — ay? = 4a®, where a is a non-zero constant. (9709/31/M/J/23
number 5)

(a) Show that % = %Qy%yﬁ

(b) Hence find the coordinates of the points where the tangent to the curve is parallel to the
y-axis.




Answers

1. The curve with equation y = e**(sinx + 3cosx) has a stationary point in the interval 0 < z < 7.
(9709/31/M/J/20 number 4)

(a) Find the z-coordinate of this point, giving your answer correct to 2 decimal places.

y = e**(sinz + 3cos )

Let’s use the product rule to differentiate,

dy _

= e** (cosx — 3sinz) + (sinx + 3 cos z)2e*
dx
Factor out ¢**, J
d—y = e (cosx — 3sinz + 2(sinx + 3cos 7))
T
dy _ 2z : 3
i (cosx — 3sinz + 2sinx 4 6 cos x)
x
dy 2x :
— = Tcosx —sinx
0y =€ (Tcosx —sinx)

Since this is a stationary point, let’s equate our first derivative to 0,

e* (Tcosz —sinz) = 0

Now let’s solve for z,
e =0 Tcosxr—sinz =0

2x =1n0

£ = no solutions

7Tcosx —sinx =0

Divide through by cos z,
7—tanx =0

Solve the trig equation,
tanz =7

r=tan 7

x =143

Therefore, the final answer is,
r=1.43

(b) Determine whether the stationary point is a maximum or a minimum.

dy

=143
o dx

e* (T cosx — sinx)




To determine the nature, let’s pick a point either side of the stationary point,
Atz=1 Atz=2

e?W (7Tcos1 —sinl) 2@ (7Tcos2 —sin2)
217 —208.7

Note: If the gradient, %, is positive on the left side of a stationary point, it is

’ ﬂ!
maximum point. If the gradient is negative on the left side of a stationary point, it
is minimum point.

Therefore, the final answer is,

The stationary point is a maximum point

M

The diagram shows the curve y =
number 6a)

for x > 0, and its maximum point M. (9709/32/M/J/20

X
1+3z%"

Find the z-coordinate of M, giving your answer correct to 3 decimal places.

T

y:1—|—3x4

Let’s use the quotient rule to find the first derivative,

dy  (1+32%) (1) -z (122?)

dx (1+ 3:1:4)2

dy (14 3z*) — 2 (1227)
de (14 32%)?
dy 1+ 3z*—122"
dv (1+ 324
dy — 1— 924
dr (1 + 32%)?




Let’s equate our first derivative to 0 to find the z-coordinate of ),

1 —9z% _

(1 + 3x4)?

1—-92*=0
9zt =1

1
9

Therefore, the final answer is,
xz = 0.577

The diagram shows the curve with parametric equations
r=tanf y=cos’0
for —im < 6 < i7. (9709/32/0/N/20 number 5)
(a) Show that the gradient of the curve at the point with parameter 6 is —2sin 6 cos® 6.

r=tanf y=cos’d

Let’s differentiate these two parametric equations,

dz 5
— =sec’ ¥

79__ .
70 0= 2cosfsinfd

Now let’s create a chain rule for %'

dy dy _ db

de df = dx
6




Substitute into the chain rule,

dy .
. = —2cosfsinf x ocla
d 1
YW 2cossing x T
dx cosZz
d
9 _ —2cosfsiné x cos® x
dx

d .

9 _ —2sinfcos® 6

dx

Therefore, the final answer is,

dﬁ = —2sinfcos® 0
dx

The gradient of the curve has its maximum value at the point P.
(b) Find the exact value of the z-coordinate of P.
dy

I —2sinfcos® 6

We need to find the derivative of the gradient function. Let’s use the product rule,

d? .
d—z = —2sinf (—3 COSQQSiHQ) + (cos3 9) X —2cos 6
T
d2
¢y _ 6cos? fsin®h — 2 cos 0
dx?

Equate to 0,
6cos?fsin®h —2cos*h =0
Rewrite sin?# in terms of cos’# to create a quadratic equation,
6 cos? 6 (1 — 00826) —2cos?0=0
6cos’0 —6cos'd —2cost0 =0

—8costd+6cos’H =0

Factor out —2cos?4,
—2cos’ 6 (4 cos? 0 — 3) =0

—2cos’0 =0 4cos’f—3=0

3
cos?0 =0 cos’h ==

4
3
cosd =0 cosf == 1
6 =cos™'0
1
0=—m
2




cosf = =+ 1

3 3

_ N N _ 1 =
0 = cos ( 4) 0 = cos (\/i)
0= §7T 0= 17r
6
Now let’s find z,
T = tand

M

The diagram shows the curve y = £ and its maximum point M. (9709/33/M/J/21 number 8a)

4

Find the exact coordinates of M.
Inx
iy

Use the quotient rule to find the first derivative,

dy x? (i) — Inz (423)

dx 8
dy 2 —Inw(4a°)
dr T8




Factor out z? in the numerator,

dy 2°(1—4lnz)
de x8
dy 1—4lnz

dx 0

Equate the first derivative to 0,

Solve for z,
1—4lnz=0

4lnz =1

1
Inz = -
nz =

Now let’s evaluate v,

Therefore, the final answer is,

1 1
ei —
" de

5. The curve with equation y = ze' ™2 has one stationary point. (9709/31/O/N/21 number 3)

(a) Find the coordinates of this point.

Let’s use the product rule to find the first derivative,

Z—z =z (—26172'1) + e 727 (1)
j?; — _opel2 12
Factor out ¢! 727,
% =e " (=22 +1)




Equate the first derivative to 0,

e (=22 41)=0

Solve for z,
=0 —224+1=0

1 -2z =1In(0) 2z=

| = =

x = no solutions x =

Now let’s evaluate v,

L)
— _ 2
Y 26

Therefore, the final answer is,

11
272
(b) Determine whether the stationary point is a maximum or a minimum.

1 @ — €1—2x

—2rx+1
2 dzx (=2z+1)

Let’s pick a point either side of the gradient,
Atz=0 Atzxz=1
2O (2000 + 1) P (—2(1) +1)
2718 —0.368

The gradient is positive on the left-hand side of the stationary point and negative
on the right-hand side. This is a maximum point.

Therefore, the final answer is,
This is a maximum point.
6. The equation of the curve is In(z 4+ y) = = — 2y. (9709/33/0/N/21 number 7)

dy _  x+y—1
(a) Show that dr — 2(z+y)+1l-

In(z +y) =2 —2y

Let’s differentiate our implicit function,

I n(z +y) =z — 2y]

1 dy dy

1+-2)=1-2"7

x—l—y( +dzp> dx
1 1 d

WY _ 1 _ W

r+y x+ydx dx

10




Put all the terms in % on one side,

1 d d 1
Vo g
T+ ydx dx T+y

1 dy dy a+y—1

r4+yde  Tdr x4y

Factor out %,
XL

d 1 f -1
y( +2>_f+y

dr \z+vy x+y
dy (14+2(x+y)\ x+y—1
dx T4y x4y
dy (2(x+y)+1\ z4+y-—1
dx T4y x4y

Make % the subject of the formula,

@_ijy—lX T +y
dx T4y 20w +y)+1

dy r+y—1
dr  2(z+y)+1

Therefore, the final answer is,
dy  r+y-—1
dr  2(z+y)+1
(b) Find the coordinates of the point on the curve where the tangent is parallel to the z-axis.

dy r+y—1
mzty) =2=2 =T+l

If the tangent is parallel to the z-axis it means that,
dy =0
r+y—1=0
This means we now have two equations in terms of z and y that we can solve

simultaneously,
r+y—1=0 In(z+y)=x—2y

r=1—-y

In(z +y) =2 —2y
In(l—y+y)=1—y—2y
In(1) =1-3y
0=1—3y

11




Therefore, the final answer is,
21
(53)
7. Let f(z) = (; (9709/33/0/N/21 number 9a)

9—)a"
Find the z-coordinate of the stationary point of the curve with equation y = f(z).

Let’s use the quotient rule and product rule to find the first derivative,

g 2 O IVEO ((9-2)3e % + va(-1)

Let’s equate the first derivative to 0,

—(O—2)5z VT _

(9 —x)%x
1
—(9—x)2\/§+\/§:0

Multiply through by 2,/x to get rid of the denominator,
—9—2)+2x=0

-9+ +2x=0

12




Therefore, the final answer is,
r=3

8. The curve y = e~ ** tanz has two stationary points in the interval 0 < z < m. (9709/33/M/J/22
number 4)

(a) Obtain an expression for % and show it can be written in the form sec? x(a + bsin 2z)e~%*,
where a and b are constants.

y=e¢ tanz

Let’s use the product rule to find the first derivative,

dy Y _
i e 4 (sec2 J:) + tanx (—46 4’6)
Factor out ¢ %, p
Y 4z
Tr —e? (sech — 4tan:L~)

Let’s rewrite tan z in terms of sinz and cosz,

dy : sinx
2 —e [ gec?r — 4
dx CcosS T

We need to find a way to change (S:gﬁ to sin2z. Let’s play around with the double
angle formula for sin,

sin2x = 2sinx cos x

We need to make % the subject of the formula. To do that, we will divide both
sides by cos® 7,
sin2r  2sinzcosx

cos? T cos2 x

sin x sin 2x

cosr  cos?zx
sin x 1sin 2%

cosx 2cos?zx

sin & 1 .

= - X 5 X sin 2x
cosr 2 cos’x
sinx 1

x sec? r X sin 2z

COST

Let’s substitute it into our first derivative,

dy d sin
2 —e ¥ (gec?r — 4
dx Ccos x

d 1
jz — 4 (sec2 x—4 <2 sec? rsin 21) >

dt
i—‘/ —e M (sec2 xr — 2sec’ xsin 23:)
dx

13




Factor out sec? z, J

X

Therefore, the final answer is,

dy
dx

-2 =sec’x (1 — 2sin2x) e

d—y =sec’x (1 — 2sin2z) e

4x

(b) Hence find the exact coordinates of the two stationary points.

d

X

dy
Equate 3’ to 0,

d—y =sec’x (1 — 2sin2z) e

sec?z (1 — 2sin2x) e * =0

secxr=0 1—2sin2z=0 e *=0

sect =0 2sin2z=1 —4x=1n0

1

COST

=0

Therefore, the final answer is,

9. The parametric equations of a curve are

(9709/32/F /M /23 number 5)

(a) Show that % = ¢~2.

. 1 )
sin 2z = 3 z = no solutions

COST — —

0

~ = no solutions

9y — L
S11 = -
S1 xr B

90 = sin—1 ©
= Sln —
v 2

14




Let’s start by differentiating the equations above,

dx dy
— =t (2e* 1) L =2+1
o ( e )+e (1) o +
dr 5 dy
TR G T +
Let’s create a chain rule for %,
dy _dy dt
de dt = dx
Substitute into the chain rule,
dy
— =2%+1X —
T )
dy 1
dr  e?
dy Y
dr ¢
Therefore, the final answer is,
dy —2t
— =e
dx

(b) Hence show that the normal to the curve,

dy _

dx

where t = —1, passes through the point (O, 3—

o)

€—2t

We need to find the equation of the normal. Let’s start by finding the gradient of

the tangent at ¢t = —1,

dy _

dz

dy

dx

e—2(-1)

262

This means that the gradient of the normal is,

1
m = _672
Now let’s find the set of coordinates where ¢t = —1,
r=te*, y=t"+t+3
= (-1, y=(-1)7-1+3
r=—e? y=3
1 —

15




10.

Now let’s find the equation of the normal,

1
passing through <—2, 3)
€

y=mr—+c m=——
e
1 1
1
3:€7+C
1
C:3_74

1 1
Yy = —6—21: +3— o
Let’s substitute x with 0, ) )
1
y=3-— =
This satisfies the coordinates,
1
<0, 5_ )
Therefore, the final answer is,
The normal to the curve, where ¢ = —1, passes through the point (0,3 — %)
Yy
1
2 4
O
M

The diagram shows the curve y = 23 Inz, for z > 0, and its minimum point M. (9709/32/F/M/23

number 8a)

Find the exact coordinates of M.
y=alnz

16




Let’s use the product rule to find the first derivative,

d—y =3 <1> +Inx (3.772)

dx T

d
il =224+ 3lnzx

dx

2

Factor out z2,

% =2?(1+3In2)

Let’s equate our first derivative to 0,

(14 3Inz) =0

Solve for z,
2=0 14+3lnz=0
z=0
1+3lnz=0
3lnx = -1
Inz=—-
_1
r=e'3
We are told that z is greater than 0,
_1
r—=e 3
Now let’s evaluate y,
y=alnz
_1\3, 1
Yy = (e 3) Ine 3
1
—1
e X ——
y==c 3
L
Y= —§€

Therefore, the final answer is,

1
(- =5)

11. The equation of a curve is 2%y — ay? = 4a®, where a is a non-zero constant.

number 5)

d 2
(a) Show that 3% = ;=205

2y — ay?® = 4a®

17
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Let’s differentiate the implicit function, using the product rule where appropriate,

Make % the subject of the formula,

d

d—z ( 2 - 2ay) = —2xy
dy 2wy
dr 22 —2ay

Factor out a negative sign in the denominator,

dy —2xy
dr — — (=22 + 2ay)

Cancel out the negative signs in the numerator and denominator,

dy 2y
dr  —x2+ 2ay

dy  2xy
dr  2ay — 22

Therefore, the final answer is,
dy 2zy

dr ~ 2ay — 22
(b) Hence find the coordinates of the points where the tangent to the curve is parallel to the

y-axis.

dy 2y

2 2 3

— frd 4 _——=—
vy “ i 2ay — 2

If the tangent is parallel to the y-axis then,
de =0

2ay — 2> =0

18




Now we have two equations that we can solve simultaneously,
2ay — 2> =0 2%y — ay® = 4d®

22 = 2ay

(2ay)y — ay® = 4a’

2ay? — ay® = 4a®

ay® = 4a®
y2 — 47@3
a
y2 — 42
y = +V4a?
y = =12a
Now let’s find the z-coordinates,
22 = 2ay

Aty=—-2a Aty=2a
2 =2a(—2a) 2% = 2a(2a)
v? = —4a® 2* = 4a?
r=+V—da® x=+V4a?

x = No Solutions = = +2a
Note: The square root of a negative number has no real solutions.

Therefore, the final answer is,

(—2a,2a), (2a,2a)
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